dense.
In d = 2 dimensions, the number of hahnng ltnes for a dense set can be as much as C2(n log n), and it cannot exceed 0(ns/4/ log" n). The upper bound improves over the current best bound of 0(n3~2/ log" n) which holds more generally without any density assumption. 
Halving hyperplanes.
A notion that is closely related to and somewhat more general than a halving hyperplane is that of a k-set. A subset T~Sofa finite set S~il?d is a k-set if card T = k and there is a half-space so that T is the intersection of S with this half-space.
The number of k-sets, for some fixed k, arises in the analysis of geometric algorithms, see e.g. [7, 8, 12] . The number of k-sets obtains its maximum when the points are in general position, which we henceforth assume.
The problem of bounding the maximum number of ksets possible for a set of n points turns out to be notoriously difficult, even in d = 2 dimensions. The largest k for which matching upper and lower bounds are known is 3, see [18] . The most difficult case seems to be when k is roughly~, which is the reason why this case receives special attention as the problem of bounding the number of halving lines. The best upper bounds for general point sets in R2 is 0(n3/2/ log* n), see [17] , and there are constructions of sets with Q(n log n) halving lines, [11, 13] . Our results for dense sets in R2 consist of an adaptation of the lower bound in [11] and of the upper bound 0(n514/ log* n).
In three and higher dimensions, the problem seems even harder. The first non-trivial upper bound for d = 3 dimensions has been given in [5] . This bound has been improved in [4, 10] , and the current best bound is 0(n813), as derived in [9] . Outline. Section 2 shows the fl(rz log n) lower bound on the number of halving lines is asymptotically unaffected by the density assumption. Section 3 gives a proof of the O(n~/ log* n) upper bound on the number of halving lines for a dense set of n points in I? 2. The crux of the argument is a reduction to k-sets for about & subsets of size at most about 6 each. Section 4 considers point sets in R3. The approach to proving an upper bound rests on an area argument combined with an observation about centroids of subsets of the set. This is extended to d > 4 dimensions in section 5. Alternatively, the metric argument can be combined with an upper bound on the stabbing number of geometric d-uniform hypergraphs known as Lovtiz' lemma [16] . This is discussed in section 6.
Lower bound in the plane
The constructions in [11, 13] establishing the !d(n log n) lower bound on the number of halving lines are not dense: with minimum distance 1 they require the maximum distance be at least some constant times n. This section shows that asymptotically the same lower bound can also be obtained for dense sets. We begin by modifying the construction in [11] so that the zl-coordinates of the points are contiguous integers. We may assume j < 2. 3k, so Pm haa fewer than three times aa many points than sk, which implies the claimed lower bound for h(Pm).
•1
The integer xl-coordinates can be used to control the density of transformed copies of Pm. This is done in the lower bound construction below.
THM.
1 For any even n z 2 there is a 2-dense set of n points in R2 with at least 3 logs n -n halving lines.
PROOF.
We may assume that n~312, for otherwise the claim is void. Define m = 2. l~j and M = 2. [@l+9; so m is even and M is odd. Let Y be the annulus of points on and between the two circles with radii m and 2m, both centered at the origin. For 1 S i~M, let Ri be the half-line with angle~. 27r starting at the origin.
The intersection
Ri n Y is a line segment of length m.
For & >0 and 1~i s M find an affine transformation Qi of Pm so that For any fixed b > \ 2fl/ir = 1.05, we can construct a &dense set of even" size n with at least cn log n -n halving lines, where c = c(6) >0 is independent of n, aa follows. Put ml =~bfi and m2 = (~c% -:)-, where s = e(~) > 0 is sufficiently small. Let Y be the annulus of points on and between the two circles with radii ml and m2, both centered at the origin. We find a set S of 4m2 (ml -m2) points in the annulus Y similarly aa in the proof of Theorem 1 so that S has at least cn log n -n halving lines. Let T be a set of points of a triangle grid with minimum distance 1 which is symmetric around the origin and does not contain the origin. Let T' be the intersection of T with the disk of radius m2 -1 centered at the origin. We may certainly assume that each of the cn log n -n halving lines of S cuts T' into two equal-sized parts. Then, S U T' haa at least cn log n -n halving lines. If c > 0 waa chosen sufficiently small, S UT' has at least n points. Finally, we delete (card (S U T') -72)/2 pairs of points of T', each pair symmetric around the origin, so that exactly n points remain in S u T). This gives us a &dense set of size n with at lemt Cn log n -n halving lines.
Upper bound in the plane
Let fk (n) be the maximum number of k-sets in a set of n points in the plane, and let~(?z) = m~{~k(n) :
0~k~n}. As mentioned in the introduction,~(n) = O(n$ / log* n) is the best known upper bound on j(n).
We show that &dense sets admit smaller bounds. In particular, the result implies that O(n~/ log* n) is an upper bound for dense sets.
2 The number of halving lines of a &dense set of n points in R2 is at most O(c$@.~(36@)).
PROOF.
Let S be a &dense set of n points in R2. Consider a general direction -y c [0, n) and a line 1 = / (7) with direction -y so that equally many points of S lie on both side of 1. The length of 1 n conv S is at most the diameter of S, which is at most c$fi. Let R = R (7) Two contiguous directions differ by less than 2x, so each halving line meets at least one of the rectangles R (7) shortside.
To finish the argument observe that each rectangle, R, is met shortside by at most~( #bfi + 3) halving lines, because they are all split S n R the same way. It follows that the total number of halving lines is at most as claimed.
•l REMARK.
Let fk (n, 6) be the maximum number of ksets in a &dense set of n points in the plane, and let f(n, 6) = max{~~(n, T~S, card T = k}. The convex hull of sk is a threedimensional convex polytope, pk. Note that pk is contained in the convex hull of S, and by density assumption, its projections to the three coordinate planes have area at most c$zn: each. It follows that the surface area of pk is less than 662n$.
We claim that if the plane, h, through points p, g, rS is a halving plane then a homothetic copy of the triangle pqr is a face of pk. Let U~S be the subset of points on one side of h, so card U = k -1. For each z c {p, q, r}, there is a plane that separates U U {z} from S -U -{z}, and therefore yuu{=} is a vertex of pk. Furthermore, the centroids defined by U U {p}, U U {q}, and U U {r} span a triangular face of Pk. This face is a homothetic copy of pqr, with scaling factor . In summary, if the plane through points p, q, r is a halving plane then a homothetic copy of pqr is a face of pk, and the area of pqr is k2 times the area of the corresponding facet.
Since the surface area of pk is less than 662n2/3, the total area of all triangles corresponding to halving planes is less than 6k262n2/3 <~ti2ns/3. The number of k-simplices with at least one xi at most 1 is less than cl. nk. Dk -1. For the others we can assume all Zi exceed 1, so the upper bound can be simplified to
For a given A, we can now derive an upper bound on sk (A), the number of k-simplices UT with l~T 1 < A. THM. 4 The number of halving hyperplanes of a dense set of n points in Rd, d~4, is less than c . nd-~. [18] E. Ramos. 
